JOURNAL OF RESEARCH of the National Bureau of Standards— B. Mathematics and Mathematical Physics 

Vol. 68B, No. 3, July-September 1964 

Zeros of Polynomials in Several Variables and 
Fractional Order Differences of Their Coefficients 

B. Mond* and O. Shisha* 

(May 13, 1964) 

A classical result of Enestrom (if c , Ci, . . .,c n (n^ 1) are not all zero and if they satisfy co^ c\ . . . 
^ c n 5= 0, then every zero £ of ^T c, kZ k satisfies |£| 3= 1) is generalized to polynomials in several vari- 

k = 

ables. A result in the same direction, involving fractional order differences of coefficients, is then 
established. 



1. A Generalization of Enestrom' s Theorem 

We begin with the following 
THEOREM 1. Consider a polynomial E(z\, Z2 9 . . ., z p ) = V . . . V c/^ . . . n z\\ . . . z p 1 p (^0) in 

h p =Q A/ 1 =0 

the complex variables z\, . . ., z p . Set Ch A . . . /*„ — whenever the h v are integers but some hj does 
not satisfy ^ hj^ nj. 1 Suppose 

VCft, . . . h p = V C H ...h p ~ C hx . . . hj^hj-lhj+i ...h p =pc hl ... h p -yc hl . . . hj^hj-lhj^ . . . /ys; o (1) 

(A„ = 0, 1, . . ., fh+l; v = l, 2, . . ., p;(ht . . . A p ) # (0, . . . 0)). If £(&, . . ., £ p ) = 0, ^e/i 
a? /eas£ one |£/| is ^ I. 2 

Proof. A straightforward computation yields 



p \ npH-l ni + l 

p — ^Zjl/Jfci, . . .,z p )= 2] ' " * 2 ^ C/l i 



hp Ch x -\h 2 . . . h p -.. 

- C hl . . . Ap.jftp-l)*? 1 ' ' • ^ = pC . . . + ^ ^ C ^l • • • h p^ 1 - ' ' Z fy>> 

(h u . . ., h p )e<r 

where a is the set of all sequences of integers (hu • • ., hp) with ^ h v ^ n v -f 1 , i/=l, 2, . . ., p, 
(Ai, . . . hp)7±(0 9 ... 0). Setting z x = z 2 = . . . =z p = 1, we have pc . . . o = — ]T (Vc*i . . . hp \ and 

(^i M«°- 

thus (p -2) 2j J £ (zi, . . ., z p )= ^(Vc/m . . . hp )z hl . . . zJp — 1), from which we infer that Vc hl . . . n p 
# for at least one (h\ . . . h p )ea. If \z v \ < 1 for ^=1,2, . . ., p then 
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1 Below, instead of repeating the last sentence, we shall merely place the sign * at the appropriate place. 

2 Thus, if, for example, p = 2, the curve E(x, y) = in the x, y plane does not intersect the square — 1 <x < 1, — 1 < y< 1. 
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Re 



L \ i=i / 



2 (Vc A , ... ftp) Re (zji . . . z£>- 1) > 0, and so E{z u ■ ■ ., 

{h u . . ., h p )e<T 



z p ) # 0. 

When p = 1, Theorem 1 reduces to a result of Enestrom [l] 3 stating that if Co, Ci, • . ., c n (/i ^ 1) 

n 

are not all zero and if they satisfy c ^ C\ . . . ^ c n ^ 0, then every zero £ of V ca^ satisfies \t\ ^ 1. 



2. Fractional Order Differences 

The main purpose of this paper is to generalize a result of Cargo and Shisha [2, Theorem 1 and 
the end of IV] relating the zeros of a polynomial (in one variable) to fractional order differences of 
its coefficients. 

Consider a multisequence an x . . . h p (p ^ 1 fixed, h v = . . . — 2,— 1, 0, 1, 2, . . .; i>=l, 2, . . ., p). 
Let Ia/jj . . . h p — Ofti . . . ^ , and for j= 1, 2, . . ., p, let E^-a^ . . . /* p = a^ . . . hj- thj+ ih j+ i . . . n p • Let 
a be a complex number. From (1), one is led to the following symbolic equalities 

v«=(pi-±E f iy=p°(i- P -if E f ^=p-Jel)'»Qp-'»(2E J - l ) B, 



= 2 2 (-D m ^! ()p a -'"[ii! • • • ip^-'Er^ . . . E-'p. 

m = i/c^0 \ 



Thus, we define 



™=0 1*2*0 X ^ 7 






for every (Ai, . . ., h p ) for which the last infinite sum converges. If a Vl 
some Vj is < 0, and if hj ^ 0,j= 1, 2, . . ., p, then 



i/ p = whenever 



V"a„ 



ftl + . . . + hp 



1 ... h p 



m = ik^O 



2 2 (-D m ™! P«- m [J.! • • • f P !]"V,-,v 



Theorem 2. Consider a polynomial E(z u . . ., z^) = V . . . ^Ch 1 . . . h p z hl . . . z^p ^0) 

h p = /ii=0 

m ^Ae complex variables Zi, . . ., 2^.* Le£ < a < 1, cnrf suppose that Ch\ . . . n^ 0(A„ = 0, 
1, . . ., rc„; /=!, 2, . . ., p), V a c/*! . ..^ ^0(^ = 0, 1, . . . 7i„;i/=l, 2, . . ., p;(Ai, . . ., A p ) 
7^(0, . . .,0)). IfE(t,u • • •> Sp) := 0, then at least one |£j| is > 1. 



Proof. For 



pi 



i p we have 4 



V j=i / Lj =0 V/ V = i. / J j==0 /j/c^o 



1ift=m 



Ih^j-m 



4 P 



h zh 



Z$p 



1 Figures in brackets indicate the literature references at the end of this paper. 
4 By z°, for a complex z, we mean the principal value of that power (0 if z = 0). 
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=H 2 (-irmi( a m ) P -^i . . . wi-c*-,,... ^-v*. ■ • * 

j=0 rn=0 i k ^0 v'*' 

Qk^k 
^Q k =J 

=ii 2 2 (-^ ! t)p-i'' ! • • • w-w ■■*-** • • • * 

j=0 m=0 ty^O i A ^0 v'*' 

2g fc =j 2i* = m 



3 = gfc2*0 m = ia- > 



2 2 2 S(-« fflm! >" M[i,! • • • w-*e^-i 1 ...^^vr 



2« fc =j 



Sift = »» 



Settingzi = . . .=2 P = 1, we get = p" a V a c . . . o +J ]£>-" V ' ac «i • ■ -«p: 

j=l ff fc ,*0 



Thus, for | V zj | ^ p we have 



i = i 



p-J^T^i, . . .,* P )=5 £(?%,.. . fJ ^(«fi. . .^/>-i). 



i=i 






(2) 



Let gi, . . ., q p be arbitrary integers ^ (not all zero). Then V a c 7] . . . q p ^ 0. To see this we 
may assume that some qj is > m } . But then, noting that (— l) m (^) < for m= 1, 2, . . ., we have 

m = l ifc =* o \" z/ 

2<A* = m 



From (2) we obtain, for 



j=i 



Pi 



Re\(p-^ Zj ) a E(z u . . ., z P )} = 22(V«c gi ...^Re(z?i . . . agp-l). 

I V j=l / J j=l q k *0 

Zqk=j 



(3) 



Suppose £(fi, . . ., £ p )=0, where all |£/| are ^ 1. If qi, . . ., q p are non-negative integers (not 
all zero), then Re (£f* . . . J«p— 1) ^ 0, and equality must hold if V a c (h . . . qp < 0. Let ;(1 ^ j ^ p) 
be an integer. Since some Ch 1 . . . h p must be positive, we have 



V Cm . . . nj — \nj + Inj + i ... rip 

n 1 + . . . + rip 



...+n p +l 1 v 

™ _ 1 i 1. -^. A \ / 



l C»| - 11 . . . »y_i-ij_i nj+1-ijfij + i -ij+j . . . Hp -ip < Q, 



life =m 



and similarly V a c„, . . . tlj _ 1 n j+ 2 Wj+1 . . .„ p < 0. Thi 
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Re(^i . . . WtIW^Wm . . . ^-l) = Re(^i . . . £~j-i£?j+2£n j+ i . . . £»p- 1) = 0, and so 

C? . . . ^t 1 ^ 1 ^ 1 • • • ^ = l = Cr . . . ^y 1 ^ 2 ^ 1 • • • £?. 
which implies that fc = l. Thus£i = £ 2 = . . . = £ p = 1, and so 0=£(1, 1, . . .,1) 

np n x 

= 2j • • • ^ Cfl i - - h p > ^» wm ch proves the Theorem. 

^p=o a 1= o 

3. Remarks 

We consider a polynomial £(21, . . ., z p ) = 2) • ' ' 2 a/l1 • • • *j» z i 1 " ' ' z p P ^ °) in the 
complex variables zi, . . ., z p . h P=° h i=° 

A. Suppose the ot hl . . . h p are complex. Let r u . . ., r p be complex, non-zero numbers, and set 
c/11 • • • h p = a hl . . . h p r h i . . . ^(^ = 0,1, . . ., n v ; u=l, 2, . . ., p).* Assume VOu ... n p ^ 

(A„ = 0, 1, . . ., ii„+l;i/ = l,2, . . ., p;(Ai, . . ., A p ) 5* (0, . . . 0)). Suppose £(Ji, . . ., &) = 0. 
Then at least one |£j| is ^ |r/|. Indeed, 

^..^^..-ic,..,^:...^ . 

and therefore by Theorem 1, at least one I&/0I is ^ 1. 

As a simple example, take p = l, ni = n(^ 1), and assume the a„ are alternating in sign: 
a v = (—l) p \a v \(v = 0, 1, . . ., n) and |a | ^ |«i| . . . ^ |a n |. 

n 

By taking ri=— T, we obtain that every zero of the polynomial V a v z v has a modulus ^ 1. 

B. Suppose that E(z\, . . ., z p ) is not a constant and that the ah x . . . h p are ^ 0. Let 

r=min [ (/£ a hl . . . hj^hj-ih^ . . . hj/pa hl . . . y] 
hj& 1 

where the minimum is taken over all sequences (hi, . . ., h p ) with ^ h v ^ n v {v= 1,2, . . ., p), 
(Ai,. . .,A p )t^(0, . . .,0), ahi ■ . - h p ^ 0. Suppose £(£1, . . ., £p) = 0. Then at least one |£j| is ^ r. 
Indeed, we may suppose r>0. Let c/ij . . . h p — oin 1 . . . /i p ^ 1+ ' " • + MAi/ = 0, 1, . . ., n*,; j>=1, 
2, . . ., p).* Let 0^A„ ^/i„+l, *>=1, 2, . . ., p; (Ai, . . . A p ) # (0, . . ., 0). We shall show 
that Vo*j . . . hp^O. We may clearly assume that all h v are ^ n v and that an t . . . n ^ 0. 



Then Vo tl . . . h p = r h i + ■ ■ ■ +V 1 rpa^ . . . /^- ^ ^1 • • • ty-ity-^j+i 

L j = i 

one |£/| is ^ r. ^ 1 



0. By A, at least 
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